Relativistic effects on the Fukui function by Sablon, Nick et al.
REGULAR ARTICLE
Relativistic effects on the Fukui function
Nick Sablon • Remigius Mastalerz •
Frank De Proft • Paul Geerlings • Markus Reiher
Received: 30 September 2009 / Accepted: 15 December 2009 / Published online: 8 January 2010
 Springer-Verlag 2010
Abstract The extent of relativistic effects on the Fukui
function, which describes local reactivity trends within
conceptual density functional theory (DFT), and frontier
orbital densities has been analysed on the basis of three
benchmark molecules containing the heavy elements: Au,
Pb, and Bi. Various approximate relativistic approaches
have been tested and compared with the four-component
fully relativistic reference. Scalar relativistic effects, as
described by the scalar zeroth-order regular approximation
methodology and effective core potential calculations,
already provide a large part of the relativistic corrections.
Inclusion of spin–orbit coupling effects improves the
results, especially for the heavy p-block compounds. We
thus expect that future conceptual DFT-based reactivity
studies on heavy-element molecules can rely on one of the
approximate relativistic methodologies.
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1 Introduction
A framework for the stability and reactivity interpretation
of molecules and solids is provided by conceptual or
chemical density functional theory (DFT) [1–6]. It is based
on the general characteristics of the individual systems,
thus without explicit reference to the possible partner
reagents. Various milestone concepts that extended chemi-
cal reactivity theory in the middle of the past century have
been unified within conceptual DFT. The importance of
Hinze and Jaffe´’s studies on the Mulliken electronegativity
[7–12], Pearson’s theory on hard and soft acids and bases
[13–15], and the frontier molecular orbital concepts [16,
17] as introduced by Fukui has thus been re-emphasised
[18–21].
Theoretical studies on the reactivity of heavy-element
compounds have been gaining more and more interest due
to their increasing application in catalytic processes [22].
An accurate evaluation of the reactivity descriptors for
these systems should rigorously include relativistic effects.
So far, only a single study has focused on the relativistic
contributions in the calculation of global reactivity indices
of some group 16 compounds [23]. We propose to sys-
tematically analyse the relativistic effects as described by
various (quasi-)relativistic Hamiltonians on the Fukui
functions, which are used to describe the local electrophilic
and nucleophilic reactivities of molecular regions within
conceptual DFT. Three benchmark molecules will be
analysed: (CH3)2SAuCl, PbCl2, and Bi2H4. These systems
are prototypes for molecules involved in organometallic
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chemistry and especially in various carbon–carbon bond
formation reactions [22]. They are associated with a broad
range of reaction types such as substitution reactions,
Grignard reactions, and additions to double bonds. They all
contain a sixth period element, for which significant rela-
tivistic contributions are expected, and span heavy transi-
tion metal as well as p-block compounds.
In Sect. 2, the basics of conceptual DFT are revisited
and the relativistic approximations used are briefly
explained. Section 3 presents the methodology and the
computational characteristics, while the results and their
detailed analysis are expounded on in Sect. 4. Some final
remarks are made in Sect. 5.
2 Theoretical background
2.1 Conceptual DFT
Based on a Taylor series expansion of the electronic energy
E of a chemical system as a function of its number of
electrons N and as a functional of its external potential v(r),
which is just the electron–nuclear potential for isolated
atoms and molecules, various descriptors characterising its
inherent chemical behaviour have been identified with the
first and higher order (functional) derivatives of E [4]:























Dv rð Þdr þ    ð1Þ
The first derivative with respect to N corresponds to the
electronic chemical potential l, which equals the negative
of the electronegativity, the second one has been identified
as the chemical hardness g, the first functional derivative
with respect to v(r) is equal to the electron density q(r),
and the mixed derivative has been called the Fukui function
f(r). Depending on the kind of reagent towards which one
would like to describe the reactivity of the molecule under
scrutiny, the use of certain DFT indices is preferred over
others. If the reagent has, for example, a high chemical
hardness, the charge transfer during the reaction, and hence
DN, will remain close to zero. The molecular regioselec-
tivity will thus be dominated by the electron density, or on
electrostatic grounds, rather than by the Fukui function,
which, on the other hand, will play a decisive role when
soft interactions come into play. An extensive discussion
on this interpretation can be found in Ref. [4]. A large
number of other, derived indices has been proposed, a
discussion of which is outside the scope of this paper [3].
As already mentioned, the Fukui functions,













describe the regioselective behaviour of a molecule
involved in a soft, or orbital-controlled, reaction. The
necessity of defining right and left side derivatives stems
from the integer discontinuity in the derivatives of the
electronic energy E with respect to N, as proven within a
zero-temperature grand canonical ensemble framework by
Perdew et al. [24]. All such derivatives in Eq. 1 should thus
be provided with this indication. The right side Fukui
function, f?(r), corresponding to an electron increase,
describes the local reactivity towards nucleophilic attacks,
while the left side one, f-(r), corresponding to an electron
decrease, deals with the electrophilic attacks.
2.2 Relativistic approximations
Although we will use relativistic DFT calculations
throughout this paper, we will not focus on the intricacies
of the relativistic four-component Kohn–Sham model [25–
28], but restrict ourselves to a brief description of the rela-
tivistic Hamiltonians used, which encompasses the most
relevant theoretical background for our purposes. An
elaborate exposition of relativistic quantum theory can, for













where rij stands for the distance between two electrons i and j,
is based on Dirac’s theory of the electron and is generally
considered a fully relativistic reference. The four-component
one-electron Dirac operator hD(i) can in standard notation be
written in Hartree atomic units (a.u.) as






where c denotes the speed of light in vacuum (137.0359998
a.u.), a a three-vector whose components are (4 9 4)
matrices made up from Pauli spin matrices r = (rx, ry, rz)
on the off-diagonal, and pi the linear momentum operator.
The second term in Eq. 4 contains the diagonal (4 9 4)
matrix b with (1, 1, -1, -1) as elements on the diagonal
and a shift in the energy by the rest energy c2 (in atomic
units) in order to match the non-relativistic energy scale.
The Coulomb attraction between the electrons and the
nuclei A is finally accounted for by the last term in Eq. 4.
The one-electron functions /i to be used in the single
Slater determinant of a Hartree–Fock or Kohn–Sham the-
ory consist, as a consequence of the structure of the Dirac
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The large and small two-component spinors /Li and /
S
i can
be obtained from one-particle eigenvalue equations, which
we choose to write as:
V  eið Þ/Li þ cr  pi/Si ¼ 0 ð6Þ
cr  pi/Li þ V  2c2  ei
 
/Si ¼ 0; ð7Þ
with the potential energy V comprising the sum of the
electron–electron and electron–nuclei interactions (note
that we assumed for the sake of brevity that all scalar
potential energy operators entering V are diagonal).
Since four-component methods are computationally
demanding, schemes have been developed to decouple the
large and small components in the Dirac-Coulomb Hamil-
tonian in order to obtain an, approximate, two-component
description [30]. There exist two classes of techniques: the
first one is based on a unitary transformation of the Dirac-
Coulomb Hamiltonian. We just mention the Foldy-Wou-
thuysen [31] and Douglas–Kroll–Hess [32–34] theories
without going into details. The second class uses an
elimination technique, of which the zeroth-order regular
approximation (ZORA) [35–37] is the most popular rep-
resentative, which will be applied in this study. The basic
idea is to solve Eq. 7 for /Si :
/Si ¼ X eið Þ/Li ; ð8Þ
with the operator X(ei) given by
X eið Þ ¼ cr  pi
ei  V þ 2c2ð Þ; ð9Þ
and to insert this result into Eq. 6 which gives an energy-
dependent expression for the Hamiltonian that is expanded
in a Taylor series to eventually yield the two-component
one-electron ZORA Hamiltonian hZORA:
hZORA ið Þ ¼ r  pi
c2
2c2  Vr  pi þ V : ð10Þ
Calculations can be performed with ZORA in its scalar
relativistic scheme or with the inclusion of spin–orbit
coupling contributions.
A final approach we will make use of is within a non-
relativistic framework, including relativistic effects by
means of effective core potentials (ECPs). These surrogate
potentials replace the inner atomic shells and are designed
to represent the relativistic effects of the core electrons by
adjusting their parameters in atomic relativistic reference
calculations. Some reviews on ECPs and their applications
can, for example, be found in Refs. [38, 39].
3 Methodology and computational details
It has been shown that the Fukui functions are given by
finite difference formulae [19, 21]:
f rð Þ ¼ qN rð Þ  qN1 rð Þ ð11Þ
fþ rð Þ ¼ qNþ1 rð Þ  qN rð Þ; ð12Þ
where qN(r), qN-1(r) and qN?1(r), respectively, denote the
electron densities of the neutral, cationic and anionic sys-
tems, all at the geometry of the neutral system as the last
derivative in Eq. 2 is to be evaluated at constant external
potential. Even though these relations are from a strict
point of view only exactly applicable within an exact
theory, they are the common approach when approximate
quantum chemical calculations, for example, DFT calcu-
lations with an approximate exchange–correlation func-
tional, are performed. This is because of their proven
reliability and their ease of use [3]; methods aiming at an
immediate evaluation of the (functional) derivatives in
Eq. 2 have been thought up [40–44], but are computa-
tionally more demanding than formulae 11 and 12.
As mentioned in Sect. 1, three representative molecules
have been chosen to analyse the magnitude of the relati-
vistic effects: (CH3)2SAuCl, PbCl2 and Bi2H4 (with Cs, C2v
and C2h point group symmetries, respectively). We have
calculated their neutral, cationic, and anionic electron
densities on the basis of the theoretical methods introduced
in Sect. 2.2 and within the non-relativistic framework for
comparison. This study can be seen as a continuation of the
work of some of the present authors where the relativistic
effects on the topology of the electron density was sys-
tematically analysed [45].
All calculations are of the DFT type using the BP86
functional to include exchange and correlation effects [46,
47]. The geometries of the neutral molecules have been
optimised at the scalar relativistic ZORA level of theory as
implemented in the ADF program package [48] employing
the large QZ4P all electron basis set of Slater-type func-
tions. All the subsequent relativistic and non-relativistic
calculations have been done on this geometry to ensure that
the observed variations in the Fukui functions are not due
to geometric changes.
The four-component calculations have been performed
with the Dirac electronic structure program [49]. As large
component basis sets for the heavy elements, we used the
triple-zeta Gauss-type ones devised by Dyall [50, 51] in a
completely decontracted way, so that all the exponents
are used to construct primitive functions. This results in a
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(29s, 24p, 15d, 11f, 4g, 1h) basis set size for Au, a (31s,
27p, 20d, 15f, 1g) one for Pb, and a (31s, 27p, 20d, 15f, 1g)
one for Bi. These extensive sets should be close to the basis
set limit. For the lighter elements, we have opted for
Dunning’s cc-pVTZ basis set [52], again employed in a
decontracted manner. The small component basis sets have
been generated by the Dirac program itself on the basis of
the kinetic balance condition.
The scalar relativistic ZORA and spin–orbit relativistic
ZORA calculations, as well as the non-relativistic ones
have been done with the ADF package. In analogy with the
geometry optimisation calculations, the QZ4P basis sets, as
available in the basis set library, have been applied.
We finally used the Gaussian 03 program [53] for per-
forming the ECP calculations. The energy consistent multi-
configuration Dirac–Fock (MDF) Stuttgart–Dresden
pseudopotentials [54, 55] have been chosen to replace the
core electrons of the heavy-element atoms. These ECPs
have been fitted to four-component numerical multi-con-
figuration Dirac–Hartree–Fock data so that all relativistic
effects (scalar and averaged spin–orbit) of the core on the
retained valence part are implicitly taken into account.
The contribution of the valence spin–orbit coupling
effects, which can only be recovered via two-component
calculations, is neglected as we formally work within a
non-relativistic framework. The small-core 60MDF
pseudo-potentials, replacing a [Kr]4d104f14 core and leav-
ing the shells with principal quantum number 5 and 6 for
explicit description, have been chosen for Au, Pb, and Bi
[54, 55]. The corresponding basis sets have been used
while the lighter elements have been provided with
Dunning’s cc-pVTZ basis set.
4 Results and discussion
The calculated Fukui functions are visualised in Figs. 1, 2,
and 3 as contour plots given in the molecular plane that
provides most of the reactivity information. The non-rela-
tivistic Fukui functions fnr rð Þ are depicted first, followed
by difference plots where the variation of the Fukui func-
tions obtained by one of the above-mentioned methods
with respect to the non-relativistic case is shown. These
difference Fukui functions Df±(r) are thus given by
Df rð Þ ¼ frel rð Þ  fnr rð Þ; ð13Þ
with frel rð Þ representing one of the (quasi-)relativistic
functions. In addition, the densities of the highest occupied
and lowest unoccupied molecular orbitals/spinors,
qHOMO(r) and qLUMO(r), have been calculated as they
can be seen as approximations to the Fukui functions
within a frozen orbital approach:
f rð Þ  qHOMO rð Þ ð14Þ
fþ rð Þ  qLUMO rð Þ: ð15Þ
They can provide extra information in the cases where the
Fukui functions could not be obtained due to technical
difficulties: mainly convergence issues with the charged
systems or meta-stability problems with the anions. The
extra electron in meta-stable anions tends to leave the
molecular system and its molecular orbital contributions
mainly come from the very diffuse functions in the basis
set. Methods artificially binding this electron [56, 57] and
enabling the calculation of f?(r) through Eq. 13 have been
proposed, but have, however, not been applied in this
study.
We will start with a discussion of the PbCl2 molecule,
for which the molecular plane is depicted in Fig. 1. The
plots are all constructed analogously: the red lines indi-
cate positive values, the blue dotted lines the negative
ones, whereas the bold, black line represents the zero-
contour. The exact contour values are given in the figure
caption. A general look at any of the plots immediately
shows that the inclusion of relativistic effects is vital for
obtaining quantitatively correct Fukui functions since the
variations induced by these effects are of the same order
of magnitude as the non-relativistic functions themselves.
It is also noticeable that any of the methodologies used,
be it a scalar relativistic, a spin–orbit relativistic, or even
an ECP approach, already take the largest portion of the
effects into account. There are, however, some differ-
ences between the various levels of theory; especially the
presence of the spin–orbit coupling contribution appears
significant to get highly accurate results for PbCl2 with
respect to the four-component reference. Analysing the
electrophilic Fukui function f-(r) and the density
qHOMO(r) shows that the scalar ZORA and pseudopo-
tential approach present the same features, but that the
inclusion of spin–orbit coupling effects introduces some
extra variations. Even so, they are mainly restricted to the
core regions. The scalar ZORA and the ECP calculations for
the nucleophilic Fukui function f?(r) and the LUMO
density only induce changes in the core regions, whereas
the spin–orbit ZORA and four-component calculations
provoke significant variations in the valence region as
well. The LUMO density presents a nodal plane for the
non-relativistic and scalar relativistic calculations as it
results from a linear combination of the chlorine 3px and
lead 6px atomic orbitals, where the x axis is by con-
vention taken as perpendicular to the molecular plane,
and thus belongs to the b1 irreducible representation.
Inclusion of spin–orbit coupling effects requires the use
of double group symmetry for the construction of the
molecular spinors, which explains the disappearance of
198 Theor Chem Acc (2010) 127:195–202
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the nodal plane in the spin–orbit ZORA and four-com-
ponent plots.
Instead of showing all the obtained results, as we did for
PbCl2, we will now only focus on the most relevant ones
for the discussion of Bi2H4, for which plots in the molec-
ular symmetry plane are given in Fig. 2. The f?(r) plots
have been left out as some of the calculations converged to
unbound anionic states which gives rise to non-represen-
tative nucleophilic Fukui functions. The scalar relativistic
effects are equally well described by the ECP calculations
and by the scalar ZORA approach. These scalar relativistic
methodologies reproduce most of the relativistic changes,
when comparing their results with the four-component
reference ones. Spin–orbit coupling effects induce some
minor variations, which are mainly localised at the Bi
nuclei and in the Bi–Bi bonding region. These observations
are in line with the ones made for the electrophilic Fukui
function and the LUMO density of PbCl2.
For the last molecule to be studied, (CH3)2SAuCl,
whose molecular symmetry plane is represented in Fig. 3,
the f?(r) results are omitted because the anions have been
found to be meta-stable with respect to electron auto-
detachment [58], as indicated by electron affinity values of
the order of -0.2 eV, for all levels of theory. Since the
molecular symmetry plane forms a nodal plane of the
LUMO, only the f-(r) and qHOMO(r) data are shown. In
this case some minor deviations in the HOMO density can
be observed between the ECP and the scalar ZORA cal-
culations, especially at the chlorine end of the molecule,
while the Fukui function f-(r) does not seem to suffer from
f− r( ) ρHOMO r( ) f+ r( ) ρLUMO r( )
non-
relativistic nodal plane










Fig. 1 This figure shows contour plots of the non-relativistic Fukui
functions f±(r) and the frontier orbital/spinor densities qHOMO/
LUMO(r) and difference plots of their relativistic counterparts as
compared to the non-relativistic cases for the PbCl2 molecule. The
molecular plane is depicted with the Pb atom at the (0.0, 0.6)
coordinate (in A˚). The red contour lines indicate positive values, the
blue dotted lines the negative ones, whereas the bold, black line
represents the zero-contour. The contour values for f-(r), Df-(r),
qHOMO(r), and DqHOMO(r) equal, in a.u., -0.0050, -0.0020,
-0.0010, -0.0005, 0.0000, 0.0002, 0.0006, 0.0012, 0.0020, 0.0030,
0.0050, and 0.0070, while these of f?(r), Df?(r), qLUMO(r), and
DqLUMO(r) are given by -0.0020, -0.0015, -0.0010, -0.0005,
0.0000, 0.0002, 0.0004, 0.0006, 0.0008, 0.0010, 0.0012, 0.0014, and
0.0016. Asterisk indicates SCF convergence problem
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this. Although well-converged results for the spin–orbit
relativistic ZORA and four-component calculations could
not be obtained for the cationic system, we are quite con-
fident that the scalar ZORA approach encompasses almost
all of the relativistic effects. This is because of the
resemblance of their HOMO densities and the fact that
spin–orbit coupling effects are more important for heavy
p-block elements than for the transition metal ones.
To summarise this quantitative analysis, the Fukui
functions, as well as the frontier orbital densities, improve
significantly when relativistic effects are included. The
scalar relativistic effects seem to provide the largest con-
tribution and are almost equally well described by the
scalar ZORA and the pseudopotential approach. Some
disadvantages of ECPs [59–61] have, however, been dis-
cussed in previous studies concerning the relativistic
effects on the electron density, but since these issues
mainly focus on a very accurate description of the atomic
core regions and shell structure they are of less relevance to
the Fukui functions, which are to be accurately known in
the valence region, where the chemical interactions occur.
The inclusion of spin–orbit coupling contributions slightly
improves the results when compared to the four-component
reference, especially for the heavy p-block compounds.
In the last part of this section, we will focus on the
qualitative changes the Fukui functions undergo and how
these affect the reactivity description. A chemical inter-
pretation is most easily done by mapping the Fukui func-
tion on the Van der Waals surface (represented here by an
iso-density surface with density values of 0.002 a.u. [62]).
Figure 4 shows such plots for the Fukui function f-(r),
describing where electrophilic attacks will preferably take
place, for the studied molecules. The relativistic Fukui
function, obtained by the most relevant relativistic
approach, as specified in the figure caption, is compared
with the non-relativistic result. The colour scale is chosen
in such a way that red indicates regions of poor reactivity
towards electrophilic attacks, whereas blue corresponds to
highly reactive zones. It is important to note that the
quantitative features described above are translated into
clear, qualitative differences. In all three molecules, the
reactivity of the heavy element towards electrophilic
attacks decreases when relativistic corrections are taken
into account. Despite the significance of the changes, the
reactivity order of the various atoms does not appear to
change for Bi2H4 and (CH3)2SAuCl. The situation of
f− r( ) ρHOMO r( )
non-
relativistic





Fig. 2 Contour and difference plots for Bi2H4. The molecular
symmetry plane is depicted with the Bi nuclei at the (-1.5, 0.0)
and (1.5, 0.0) coordinates (in A˚). The contour specifications are
identical to those in Fig. 1
f− r( ) ρHOMO r( )
non-
relativistic










Fig. 3 Contour and difference plots for (CH3)2SAuCl. The molecular
symmetry plane is depicted with the Au nucleus at the (0.3, 0.0)
coordinates and the Cl nucleus at the (2.4, 0.8) coordinates (in A˚). The
contour specifications are identical to those in Fig. 1. Asterisk
indicates SCF convergence problem
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PbCl2, on the other hand, is remarkable: while the non-
relativistic Fukui function f-(r) predicts the lead atom to be
the preferred reactive site for electrophilic attacks, the
relativistic result excludes this site to the benefit of the
chlorine centres. This relativistic behaviour is in agreement
with the typical reactions PbCl2 is involved in [22]. The
presented results all indicate that the inclusion of relati-
vistic effects in the analysis of the Fukui functions of
heavy-element compounds is indispensable, a conclusion
which can, in principle, be extended to the other local and
global reactivity indices of conceptual DFT.
5 Conclusion
The aim of the paper was to acquire a deeper insight into
the importance of relativistic effects on local reactivity
indices as defined within conceptual DFT by analysing a
set of three benchmark heavy-element molecules. The
Fukui functions, which are the primary descriptors so far as
local electrophilic and nucleophilic reactivity is concerned,
and the frontier molecular orbital densities have been cal-
culated with various (quasi-)relativistic approaches. The
inclusion of relativistic effects by any of the methodologies
has been shown to provide a significant improvement to the
non-relativistic functions, not only in a quantitative sense,
as the qualitative reactivity picture changes as well. Scalar
relativistic effects are almost equally well described by
scalar ZORA and ECP calculations. Standard scalar rela-
tivistic low-order Douglas–Kroll–Hess theory, which has
not been used in this study, can be expected to provide
comparable results. Spin–orbit coupling effects, as taken
into account by spin–orbit relativistic ZORA or four-
component calculations, add minor variations. The four-
component methodology, which is still complicated to use
on a routine basis due to its extensive computational
requirements, can be bypassed by one of the quasi-rela-
tivistic approaches without losing essential reactivity
information.
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Note added in Proof After having revised this paper we got aware
of a recent paper that investigates relativistic effects on the Fukui
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